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ABSTRACT

Nonparametric regression is a method for estimating the pattern of the relationship between predic-
tor variables and response variables when the functional form of the regression curve is unknown.
One estimator applicable to nonparametric regression is the Kernel estimator. The kernel estimator
has a more flexible form, and the calculations are straightforward. The performance of the Kernel
estimator is significantly affected by the Kernel function and the smoothing parameter (bandwidth).
The method used in this study is the Kernel estimator, applied to a simulation study using a quartic
kernel for optimal bandwidth selection via generalized cross-validation (GCV). This study aims to
evaluate simulation results across various combinations of sample sizes and variances and to present
a prediction plot of the Quartic Kernel function based on the simulation study. The results of this
study are based on the Quartic Kernel function; larger sample sizes yield smaller Mean Squared
Error (MSE) and GCV values and a larger coefficient of determination. In addition to sample size,
variance is also very influential. The larger the variance, the larger the MSE and GCV values, and
the smaller the coefficient of determination. The results of this study are prediction plots against
the simulation studies used, showing that the Quartic Kernel function is less effective at predicting
simulation study results. This is also evident from the accuracy obtained across different sample
sizes and data with varying levels of variance, indicating that, in simulation studies using the quartic
kernel estimator, predictive performance is poorer.
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A. INTRODUCTION
Along with the rapid development of information technology, the volume, variety, and speed of data generated have increased

significantly. This creates new challenges in identifying patterns of relationships between variables. In situations like this, statistical
modeling using regression analysis has limitations in getting the relationship patterns hidden in the data. One statistical method
for analyzing and modeling the relationship between predictor variables and the response variable is regression analysis. The three
approaches in regression analysis are parametric, nonparametric, and semiparametric regression (Nurdin et al., 2018; Padatuan et al.,
2021).

Parametric regression is one of the approaches used in regression analysis when the shape of the regression is already well
known, nonparametric regression used when the exact shape of the regression curve is an unknown, while semiparametric regression
is an approach that combines parametric regression and nonparametric regression, it is used when the shape of the regression curve
is partially known and partially unknown (Dani et al., 2021; Fadlirhohim et al., 2024). The nonparametric regression approach does
not rely on the assumption of a particular regression curve shape, thereby offering great flexibility (Handayani et al., 2024; Pasarella
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et al., 2022). In nonparametric regression, several estimators have been developed to support nonparametric modeling, including the
truncated-spline estimator, Fourier series, and kernel methods (Dani & Adrianingsih, 2021; Rahmania et al., 2024).

One estimator in nonparametric regression is the kernel estimator, which does not require a specific data pattern. In contrast,
the truncated spline is suitable for data patterns with trend change points (knots), and the Fourier series is suitable for periodic or
repetitive data patterns. The kernel takes a more flexible form, and the calculations are straightforward (Yuliati & Sihombing, 2020).
Another advantage is that it can model data that lack clear patterns and exhibits a relatively fast convergence rate. The performance
of the Kernel estimator is significantly affected by the Kernel function and the smoothing parameter (bandwidth). There are various
types of kernel functions, namely triangle, uniform, Epanechnikov, quartic, triweight, cosine, and Gauss (Budiantara et al., 2015). In
this study, researchers examine the quartic kernel function in greater detail.

The quartic kernel is a kernel function that is more sensitive to local changes in the data. According to Sifriyani et al. (2023), the
Kernel estimator is similar to other estimators, but its use of a more specialized bandwidth distinguishes it from other nonparametric
regression methods. Bandwidth is a parameter that controls the smoothness of the estimated curve. When the bandwidth is overly
large, it produces an oversmoothed curve, with greater estimation bias and smaller variance. Conversely, if the bandwidth is too
small, the resulting estimated curve will be coarser or follow the pattern of the data; the bias is smaller, and the variance is greater
(Budiantara et al., 2015)—bandwidth selection using the Generalized Cross Validation (GCV) method. GCV is the most widely used
and preferred method because it has asymptotically optimal properties (Pratama, 2022; Purnaraga et al., 2020).

Several studies have examined nonparametric kernel regression on IHSG data, including Karimuse et al. (2023), which reported
results for the Gaussian kernel with an optimal bandwidth of 0.332 and a minimum GCV of 0.246. Previous research on related
simulations, namely Dani et al. (2022), examined a simulation study using a Fourier series estimator. This study used a sample size
of 1000 and a variance of 0.15, with a trigonometric function regression curve. The results showed that the estimated curve follows the
pattern of the actual data, provided that the number of oscillations used is appropriate and optimal. Dani et al. (2021) used a sample
size of 500, a variance of 0.1, a trigonometric function regression curve, and a uniformly distributed predictor variable and normally
distributed errors. The results showed that nonparametric truncated spline regression has excellent capabilities for handling data with
changing behavior. Ratnasari et al. (2021) compared the accuracy of mixed spline and kernel estimators. This study used sample sizes
of 25, 50, 100, and 200 with variances of 0.05, 0.5, and 1, respectively. The results showed that GCV provided superior accuracy
and performance compared to CV and UBR. Based on these studies, researchers are interested in employing kernel estimators in
simulation studies because no prior studies have used them alone. The only studies available employ Fourier series estimators, such
as the simulation study by Dani et al. (2022) and the study by Ratnasari et al. (2021), which used a combined estimator of truncated
spline and Gaussian kernel.

The difference between this research and prior research is that it employs simulated data, whereas most studies use real data. The
next difference lies in the method employed: existing nonparametric regression research is limited to truncated-spline and Fourier-
series estimators; therefore, this research introduces kernel estimators as a novelty. Therefore, researchers are interested in using
simulation studies with kernel estimators. This study aims to evaluate simulation results across various combinations of sample sizes
and variances, and to plot the predictions of the quartic kernel function against the simulation results. Given this background, the
researcher intends to conduct a study titled ”Simulation Study: Nonparametric Regression Model with Quartic Kernel Function”.
The contribution of this study is to provide readers with an initial overview of the use of kernel estimators, particularly quartic, across
various data conditions and combinations.

B. RESEARCH METHOD
The study employed an experimental design in which researchers manipulated the research subject through simulation and

observed multiple characteristics. This research employs a causal design, which aims to investigate causal relationships. The research
variables consisted of one response variable and one predictor variable. The predictor variable is generated from a trigonometric
function using a Uniform distribution (0, 1), and the error follows a normal distribution (0, σ2). Furthermore, the response variable is
obtained by adding the error term to the regression function.

The steps used to analyze the data in this study are as follows:
1. Generate data with sample sizes (n = 50, 100, 200, and 250) and variances (σ2 = 0.01; 0.05; 0.5 and 1), where the response

variables are generated with errors following a normal distribution (0, σ2) and the predictor variables following a Uniform
distribution (0, 1).

2. Determining optimal bandwidth using GCV. Possible bandwidth values are obtained from the predictor variable, with a lower
limit of 0 and an upper limit of the maximum value, subtracted from the minimum value in the data. For example, the desired
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bandwidth is 50. Still, during the process, the lower and upper limits are removed, yielding 48 possible values, and the optimal
bandwidth is selected as the value that minimizes GCV.

3. Modeling nonparametric Kernel regression with the Quartic Kernel function as in Equation (1).
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with ŷi is the estimate of the response variable in the i-th observation, n is the number of observations, x is a predictor variable
that applies to each x = x1, x = x2, . . . , x = xn and xi is the predictor variable in the i-th observation.

4. Calculate the MSE in Equation (2) and also coefficient of determination values for the various combination of sample size as
well as the variance being tested.

MSE =
1

n

n∑
i=1

(yi − ŷi)
2 (2)

where n is the number of observations, yi is the response variable in the i-th observation data, i = 1, 2, . . . , n, ŷi is the estimate
of the response variable in the i-th observation.

5. Repeating steps 1 through 4 for 10 repetitions.
6. Calculate the average MSE in Equation (3) by adding up all the MSE values obtained from each repetition, divided by the

number of repetitions, and also the coefficient of determination for each repetition and combination of sample size, as well as
the variance being tested.

Average(MSE) =
MSE1 +MSE2 + · · ·+MSEr

r
(3)

where r is the number of repetitions.

7. Obtain the prediction results of the quartic Kernel function with the prediction plot using the MSE value and the coefficient of
determination.

8. Making conclusions.

C. RESULT AND DISCUSSION
1. Scatter Plot of Simulated Data

Simulations were conducted on the different combinations used. In this study, the sample sizes to be tested are 50, 100,
200, and 250. The variation of the variance σ2 to be tried is 0.01, 0.05, 0.5, and 1. In generating data in this study, 10 repetitions
of data generation were carried out, and for predictor variables, a uniform distribution (0, 1) was followed. Then for response
variables generated with trigonometric functions sin(2πx2)5

sin(πx3) that follows uniform distribution (0,1) and are added with the errors
that follow a normal distribution (0, σ2). The scatter plot for a sample size of 50, 100, 200 and 250 with a variance of 0.01 and
0.05 is show in Figure 1.

Continued to next page.
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Figure 1. Scatter plot of data distribution for n = 50, 100, 200, and 250 with a variance of 0.01 and 0.05

Based on Figure 1, the data appear to form a regular, consistent, and visually identifiable pattern. The level of data disper-
sion is also low, with most data points following the specified trigonometric function, and the data are relatively homogeneous
compared with other variance conditions. This is because the data does not deviate too far from the data center. We can also
observe the data patterns that form; they consistently emerge after 10 repetitions. Furthermore, another scatter diagram is given,
the same predictor and response variables with 10 repetitions for sample sizes n = 50, 100, 200, and 250 with variances of 0.5
and 1 are shown in Figure 2.

Continued to next page.
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Figure 2. Scatter plot of data distribution for n = 50, 100, 200 and 250 with a variance of 0.5 and 1

Based on Figure 2, it can be seen that in these two combinations, the data pattern begins to show a wider spread than the
previous variance. The extent of the data spread, which causes some data points to deviate further from the data pattern based on
the trigonometric function used and indicates the occurrence of heterogeneity in the data. The higher the value of the variance
tried, the more likely the data will spread away from its mean value and the more heterogeneous the simulated data will be. This
greater spread of data makes the patterns formed less regular and more difficult to identify visually. This shows that with a wider
spread of data, the relationship between data points becomes more complex, and the pattern formed is no longer as clear as in the
smaller variance condition.

Overall, it can be seen that the variation of the tested variance causes the relationship pattern between these predictor
variables and the response to be more dispersed. This indicates that the greater the variance, the higher the level of heterogeneity
in the data.

2. Simulation Results
Simulation aims to evaluate the ability of a method with various scenarios or data combinations. The simulation results in

this study are in the form of the average bandwidth value (α), Mean Square Error (MSE), coefficient of determination (R2) and
Generalized Cross-Validation (GCV) of each repetition or repetition carried out based on the Kernel function and sample size
and variance variation tried.
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Table 1. Simulation Results of Quartic Kernel Function with Various Combinations of Sample Size and Variance

Sample Size (n) Variance (σ2)
Average

α MSE R2 GCV
50 0,01 0,431 0,469 56,29% 0,494

0,05 0,431 0,470 56,23% 0,495
0,5 0,431 0,674 47,14% 0,710
1 0,431 1,323 31,16% 1,393

100 0,01 0,422 0,463 58,10% 0,474
0,05 0,424 0,465 58,01% 0,476
0,5 0,434 0,701 48,29% 0,720
1 0,448 1,421 32,47% 1,460

200 0,01 0,433 0,459 55,41% 0,465
0,05 0,435 0,463 55,03% 0,469
0,5 0,446 0,727 42,10% 0,737
1 0,464 1,482 24,96% 1,503

250 0,01 0,428 0,463 56,43% 0,468
0,05 0,428 0,466 56,33% 0,471
0,5 0,426 0,709 46,30% 0,716
1 0,426 1,439 30,25% 1,453

Based on Table 1, it can be seen that the average value of each accuracy measure is used for each repetition. For example,
with a variance of 0.01 and a variable sample size, MSE and GCV decrease as sample size increases, whereas the coefficient
of determination increases. For example, for a sample size of 100 and a variance of 0.01, using GCV in the optimal bandwidth
selection process yields an average GCV of 0.474, an MSE of 0.463, and a coefficient of determination of 58.10%. As another
example, if the sample of 250 has a variance of 0.01, using GCV in the optimal bandwidth selection process yields an average
GCV of 0.468, an MSE of 0.463, and a coefficient of determination of 56.43%.

In addition to sample size, variance significantly affects the simulation results. The greater the variance, the more dispersed
the observations are from the mean. For example, for a sample size of 50, increasing the variance tends to increase the MSE and
GCV values and decrease the coefficient of determination. The increase in MSE and GCV values indicates that the prediction
accuracy of the model is getting worse with increasing variance, while the decrease in the coefficient of determination indicates
that the model formed is not able to explain the variability in the data, so the model has difficulty in capturing the original pattern
in the data. For example, for a variance of 0.05 and a sample size of 50, using GCV in the optimal bandwidth selection process,
the average GCV value generated is 0.495 with an MSE value of 0.470 and a coefficient of determination of 56.23%. As another
example, if the variance is 1 and the sample size is 50, using GCV in the optimal bandwidth selection process, the average GCV
value generated is 1.393 with an MSE value of 1.323 and a coefficient of determination of 31.16%. The impact of this variance
is clear: the variance represents the deviation of the data from the mean, so that larger values of variance tend to disperse the data
further from the mean.

3. Data Simulation Prediction Plot
The prediction results and accuracy obtained by varying the sample size and variance are examined. The nonparametric

Kernel regression model with a quartic function is written in Equation (1). then, the prediction results for n = 50 and σ2 = 0.01

are shown in Equation (4):

ŷ1 =
1

50


15

16

(
1−

(
0.975− 0.975

0.438

)2
)2

+ · · ·+
15

16

(
1−

(
0.975− 0.668

0.438

)2
)2

1

50

15

16

(
1−

(
0.975− 0.975

0.438

)2
)2

+ · · ·+
15

16

(
1−

(
0.975− 0.668

0.438

)2
)2


 0.009 = 0.073
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The same calculation as in Equation (4) was carried out for each combination of data sample sizes n = 50, 100, 200 and 250

with variances of 0.01; 0.05; 0.5; and 1. Then the prediction plot for each combination of data is obtained in Figure 3.

Figure 3. Scatter plot of prediction data for n = 50, 100, 200, and 250 with a variance of 0.5 and 1

Based on Figure 3, the analysis of the prediction plot and the model accuracy results indicates that the Quartic Kernel
function performs poorly when applied to nonparametric regression models with varying sample sizes and levels of variance.
The Quartic Kernel function provides poor estimates. This is evident in accuracy measures such as MSE, GCV, and the resulting
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coefficient of determination. This indicates that the choice of the quartic kernel is inappropriate for certain data combinations.
The novelty of this research lies in the use of simulated data as the research dataset and a kernel estimator for prediction. The
results of this study align with previous studies that used kernel estimators, but combined them with other estimators, such as
Ratnasari et al. (2021), who combined truncated splines and a Gaussian kernel to determine the best parameter selection method
using simulation studies, while this study uses a quartic kernel.

D. CONCLUSION AND SUGGESTION
Based on the results of simulation studies with variations in sample size and variance in the estimation of nonparametric re-

gression models with quartic Kernel functions, it is found that with the sample size made variable, it shows that as the sample size
is increased, there is a tendency to decrease the MSE and GCV values and increase the coefficient of determination. In addition
to sample size, variance is also very influential on the resulting simulation results. The greater the variance, the more scattered the
observations are from the mean; as the variance increases, MSE and GCV tend to rise, and the coefficient of determination tends
to decrease. Based on the results of the prediction plot analysis and the results of the model accuracy measure, it can be concluded
that the quartic Kernel function shows poor results in the application of nonparametric regression models on data with different sam-
ple sizes and on data with varying levels of variance, the quartic Kernel function provides poor estimation results. This is evident
in accuracy measures such as MSE, GCV, and the resulting coefficient of determination. Suggestions for further research include
simulating data using alternative kernel functions, such as the Gaussian kernel. Furthermore, bandwidth selection can be performed
using Cross-Validation (CV) or Unbiased Risk (UBR) methods. Nonparametric kernel regression can also be applied to real data,
and given this study’s limitations, it is advisable to combine multiple kernel functions for prediction rather than relying solely on a
single function.
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